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In spite of the description in the paper, which claims to avoid using PQ-trees, the Boyer-Myrvold planarity-testing algorithm can be viewed as an application of PQ-tree reduction, but one in which the given sets are the complements of the ones to be made consecutive. Specifically, here is my reformulation of their algorithm. We assume that the graph is connected.
Step 1 (DFS): Do a depth-first search of the problem graph. Construct an initial PQ-tree  corresponding to the depth-first spanning tree. The tree contains one P-node per graph vertex 
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whose children are the P-nodes corresponding to the children of 
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in the depth-first spanning tree, plus one leaf for each (directed) back edge 
[image: image3.wmf](,).
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Step 2 (reduction): For each 
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 in postorder (or any order that processes children before parents), for each tree edge 
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 in the subtree Tw rooted at the P-vertex corresponding to
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apply a reduction step to 
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where
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 is the set of leaves corresponding to edges 
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with 
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a descendant of 
[image: image11.wmf].
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 That is, reduce the subtree to allow all permutations such that the leaves not  in 
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are consecutive. Then delete all the leaves in 
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S

and simplify the PQ-tree accordingly. The graph is planar iff all reduction steps can be done.
Exercises: Prove or disprove the correctness of this algorithm. Verify (or not) that this is the Boyer-Myrvold algorithm.

Note: the PQ-tree can be built incrementally, by not constructing the P-node for 
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until all the reduction steps for the children of 
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are done. Then each reduction step is on an entire tree (rooted at a child of 
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). The reduction steps for all the children of 
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can be done concurrently. Indeed, the whole algorithm can be run during a single depth-first search.
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